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Abstract: The lift coefficient oi? a wing of small span at first 

shows a linear increase for the increasing angle of 
attack, hut to a lesser degree than was to he expected 
according to the theory of the lifting line; thereafter 
the lift coefficient Increases more rapidly than 1 linear ly , 
as contrasted with the theory of the lifting line. The 
induced drag coefficient for a given lift coefficient, on 
the other hand, is obviously much smaller than it would 
he according to this theory. A small change in the 
theory of the lifting line will cover these deviations. 
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1 . SYMBOLS 


A 

F 

t 

t 


lift 

wing area [ F = f ht = Wing area for elliptic base 
wing chord at any point 
wing chord at center of the wing 


( F = f 


) 


b Bpan 

a gap of the cascade which is equivalent to the wing profile 

with respect to the deflected mss (compare equation ( 8 )) 

v flight velocity 


*”Auftrieb und Widerstand des Tragflugels kleiner Spannweite," 
Zentrale fifr wlssenschaftliches Berichtswesen der Luftfahrtforechung 
des Generalluftzeugmeisters (ZWB) Berl in-Adler shof, Forschungsbericht 
Nr. 1665 , Stuttgart, Sept. 8 , 194-2, 
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=v 


stagnation pressure 

induced downwaeh velocity far behind the wing 

/vj_ o 

induced downwash velocity at the location of wing ( — — 

\ 2 

deflection coefficient of cascade equivalent to the wing 
profile (compare equation ( 13 ) ( tm m) 

mass deflected by wing per unit time 
air density 
angle of attack 

.induced angle of attack ( arc tan ^ j 

V w 

aspect ratio. b'^/F ( A = — ]i =. Aspect ratio of elliptic 
wing) Vet 

lift coefficient according to modified theory, (c a ) lift 
coefficient according to theory of lifting line 

induced drag coefficient according to modified theory, 

induced drag coefficient according to theory of 

lifting line 

circulation at any point 
circulation at the center of wing 

ratio of lift according to modified theory to lift according 
to theory of lifting line (c a /( c a)) 

ratio of induced drag coefficient according to modified 
theory to value according to theory of lifting line 

( ° w i/ ^ °Wi 

2 . THE PREVIOUS TREATMENT OF THE WING OF SHALL SPAN 


The comparatively simple theory o p the lifting line leads to 
satisfactory results for the wing with an aspect ratio b/t of 
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sufficient magnitude at least in the case of unseparated flow, but 
for the wing with small aspect ratio the results with respect to 
lift and induced drag are quite unsatisfactory (l), (2). A simple 
modification of this theory (3) . (4) brought useful results at least 
for very small angles of attack. The transition to the theory of 
the lifting surface (5), (6) or to the theory of the acceleration 
potential which methodically replaces the latter theory (7), (8), 

(9) i (10) also provided such results for the range of very small 
angles of attack. But these theories disappointed for greater angles 
of attack, even while the flow was not yet separated. 

It is true the simple modification of the theory of the lifting 
line which was mentioned above gave a connection between lift and 
induced drag coefficient which seemed still useful for the domain 
of larger lift coefficient even though tile rolation between lift 
and angle of attack itself was not claorified (ll). 

For small angles of attack the lift at first increases .linearly 
with the angle of attack, but the increment grows with increasing 
angles of attack when the aspect ratio is small, and the smaller 
the aspect ratio the more noticeable is this influence (12). Like- 
wise the induced drag at small aspect ratios is obviously considerably 
smaller than resulted from the original theory of the lifting line (13). 

The conjecture was brought forward that an explanation for these 
conditions might perhaps be found in the fact that the vortox area 
leaving the wing was somewhat wider than the span (14). Hereby 
one could explain the reduction of the induced drag, but not the 
behavior of the lift coefficient. Neither can the downwash angle 
sufficiently far behind the wing, on the other hand, be larger than 
the angle of attack, at the most. 


3. NEW TREATMENT BASED UPON AN ENLARGED ARRAY OF FREE VORTICES 


There is to be found, however, a natural explanation for 
the actual behavior of the wing of small span: One ha.s to start 

from the fact that the effective mass which is deflected downward 
by the wing is greater than resulted from the original theory of 
the lifting line for elliptic lift distribution, according to this 
theory, this mass wo^^ld correspond to the mass of a cylinder of air 
density with a diameter equivalent to the span. However, the path 
of a wing must no longer be treated as a flat plane as it was in 
the case of a large span but rather as a prism with the cross 
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section F sin a. The mass contained therein, however, must also 
he deflected downward-, at least approximately. (See fig. 1.) 

With v 4 as downvash velocity far behind the wing and with 

J CO 

m s p v f b 2 + F sin oj (l) 

as the mass deflected downward per unit time the lift will he, 
according to the momentum theorem. 


Or, with 


A = m v. 



+ F sin a 



T i 



= v' tan a. 


( 2 ) 


(3) 


9 


^Mangier (I 5 ) shows another way of treatment of this influence. 
According to his theory, the effect upon the outside flow of the 
lateral rolling up of the vortex sheet can he replaced by end plates, 
hut this way leads to essentially equivalent results to the one which 
was used here. Furthermore we should like to point out the treatment 
by W. Bollay (l 6 )« there also the free vortices behind the wing do not 
lie in a plane. However, the results of the present treatment are 
much simpler and at least as satisfactory; also they are more readily 
applicable to any shape of wings, 

p 

It is a matter of indifference whether 


v, = = v tan a, or v. = v sin a, 

in 1 1 2 1 


and 


tan ctq = tan a or sin = — - — sin a 

1 + a 1 + q. 


is introduced for small angles of attack. For larger angles of attack, 
however, better agreement of the results of the calculation and the 
measurement is obtained by the use of the first-mentioned form only. 
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as effective downwash velocity at the location of the wing and the 
aspect ratio 


t2 . 

T* A 


A = £ v^ F A + sin a^k tan ct^ 


A lift coefficient of 


= tan cc^ ^jtA + k sin aj * 2it tan ( — + — sin 


would result. In this equation. 


W 

(5) 


( 6 ) 


tan ctq = — - — tan a 
1 + q 


( 7 ) 


The deflection coefficient a results from the following consideration 
(compare ( 3 ) and ( k ) ) : To each wing element a flow domain directly 

influenced hy it is coordinated; this flow domain is hounded in a 
first approximation by streamlines as figure 2 shows. This flow 
domain is replaced by a strip whose width equals the width of the 
wing element and whose length Is such as to make the kinetic energy 
conveyed b y the wing element equivalent to the quantity of energy 
which is conveyed to the coordinated flow domain. The length of 
this strip will be 


a 


r 

+ t sin a 

v i 


00 


(8) 


Accordingly, the wing profile influences the coordinated flow like 
an identical profile arranged In a cascade (fig, 3) of a stagger 


of 90 ° ancl a gap a. With 

T = ? sin t 3 
t - t sin -8 



3same as footnote 2 
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the gap ratio becomes 


— = — - — + sin a = — + sin a 

4- « T *rr 


or, for elliptic lift and circulation distribution, respectively, 
with 


Y J = 


A - Jtf 

it t 


^ "b / 
— = — + sin a = — A + sin a n 
t t . 4 

The value q. becomes, according to the results of the theory of 
the cascade flow. 


a « tan — — = tan 

. 2 a 


A O 

— + — sin a 
2 * 


and therefore 


tan a.? = 


— + — s i n a 
2 if 


tan a 


1 + tan 


— + 2 gin a 

2 * 


As a lift coefficient, there results 


+ 2 gin a 


1 + tan 


sm a / \ 

— f — + — sin a ) tan a 

! V 2 * J 


— + — sin a 

2 it 
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In the boundary case of very small span there results for small angles 
of attack 

:c n /A—^o * 2 sin 2 ct (17a) 


In the case of large span,- the result for small angles of attack is. 


c n /A — ^0 = 2jc sin a cos a 


(17b) 


In figures 4(a), 4(b) and 5(a ) > 5(^>) the results of this calculation 
are represented for comparison with test results (12): figures 4(a) 

and 4(b) show the polars c a (c w ) according to test and c a (c w ^J 

according to calculation, respectively, (figs. 5(a) and 5(t)) the 
normal force coefficients c n (a) as a function of the angle of 

attack according to test (fig. 5(a)) and to calculation (fig. 5(t>)). 
The agreement is relatively good. The deviations are probably caused 
by the Influence of friction. 

From the original theory of the lifting line there results the 
lift coefficient 



2jt 



sin a 


and the Induced drag coefficient, for a given c a . 



(18) 


( 19 ) 
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The resulting ratios are, for the lift coefficient. 


ten 


— + 2. gin a a 2 
2 it , — + — gin a 


s' 

(°a) 


1 + tan 


coa a 




( 20 ) 


— + — sin «. 


and for the induced drag coefficient, for a given 15ft coefficient. 


t 


w 



ffA 

nA + 4 sin a 


( 21 ) 


Figure 6 shows the value £ a for various ratios A and angles of 
attack a. 

The value as a function of c Q for various ratios is 

represented i» figure 7 (b). The relation "between the value c a 

and the ratio A was determined therefrom? figure 8 (b) shows 
this relation for various lift coefficients. 

The value oan also be determined by use of the test / 

results represented in figures 4(a) and 5(a) with the resulting 
relation "between angle of attack a and lift coefficient, and 
by means of the relations 


tan 


- + ~ sin a 


°Wi c c a tan a i 


tan 


c a tan a 


<v c a tan a 


hJZ- 


1 + tan 


1 + tan 


+ 2 ein a 
2 « 


A/2 
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There results a value 


tan 


w 


£ _ rtA. 

c. 


- + - sin a 

P it 


tan 


tan a ~ 


itA. 


1 

A/g 


■'a 


tan a 


(21a) 


1 + tan 


A p 

— + — sin a 

2 


1 + tan 


A/2 


The approximation indicated ahovo was used for the evaluation; 
the values neglected in this approximation were very small. 

Based upon the connection Between c a and a found By test, 
the relations represented in figures 7(a) and 8(a) are determined. 

The comparison of figures 7(a) and. 8(a) with figures 7(B) and 8(B) 
shows certain differences “which also may proBaBly Be traced mainly 
to influences of friction. However, these differences are still so 
small a3 to Be negligible. 

For large_ aspect ratios also there results an influence upon 
lift coefficient and induced drag coefficient within the range of 
the usual angles of attach. The influence on the lift coefficient 
will, generally. Be negligible; however, such a neglect might not 
always Be permissible for the induced drag coefficient; for 
A > 5 c W £ may Be estimated 



The rs suit s were derived for untwisted wings with elliptic Base 
planes: however, the proportionality factors t and £ will 

cl w 

probably furnish results which can also Be applied to wings of 
different design as shown By a comparison with the test results 
for rectangular wings. 


h, SUMMARY 


The lift coefficient and the induced drag coefficient for a 
wing of small span may Be determined with sufficient accuracy, as 


inn 


■ III I I III IBM Mil 
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Tong as the flow is not separated, in the following way: A three- 

dimensional array of free vortices which corresponds to the angle 
of attach is taken as a base and a finite flow domain is coordinated 
to each wing element. The theory of the lifting line will have to 
he changed slightly. Thereby an explanation, will, in particular, he 
given for the rapid', nonlinear increase of the lift coefficient 
which corresponds to an Increase of the angle of attack, and for the 
relative smallness of the induced drag as compared with the results 
of the unmodified theory of the lifting line. These' results will 
have special importance for the calculation of the lift of the 
fuselage and of the lift and drag of vertical tail surfaces. 

Translated by Mary L. Mahler 
National Advisory Committee 
for Aeronautics 
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Fig. 1 



Figure 1. Flow about array of vortices behind an elliptic wing of small span. 


Fig. 2 
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Figure 2. The flow domain influenced by a wing element. 



Fig. 4a 
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Figure 4a. Polars for wings with small aspect ratio. Drag and lift coefficient 
according to measurement. 



Fig. 5a 
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Figure 5a. Normal force coefficient for wing with small aspect ratio as a 
function of the angle of attack according to measurement. 
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Figure 7a.- Ratio S w = \ (ratio of the induced drag coefficient c w , according to the 

\ w i / w i 

theory modified for small span, to the induced drag coefficient ^c^ , according to the 
theory for large span wings) as a function of the lift coefficient c a for various aspect 
ratios, based upon the measured relation between lift coefficient and angle of attack. 












coefficient (c w .J, according to the theory for large span wings), shown as a function 

of the lift coefficient c a for various aspect ratios, and the calculated relation between 
lift coefficient and angle of attack. 
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to the theory modified for small span, to the induced drag coefficient ; 'c w ^ \ , 

according to the theory for large span wings), as a function of the aspect ratio for 
various lift coefficients based upon the measured relation between lift coefficient 
and angle of attack. 
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Figure 8b. - Ratio £ w = ^7 

to the theory modified for small span, to the induced drag coefficient (c w ^\ , 

according to the theory for large span wings), as a function of the aspect ratio for 
various lift coefficients in agreement with the calculated relation between lift 
coefficient and angle of attack. 


(ratio of the induced drag coefficient c w . , according 
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